Abstract. In this paper, there are improved sufficient conditions of boundedness of the L-index in a direction for entire solutions of some linear partial differential equations. They are new even for the one-dimensional case and
Introduction
for every m + ∈ℤ and every n z ∈ ℂ , where definition of an entire function of one variable of bounded l -index (see [5, 6] ). And the value of the l -index is denoted by ( , ) .
N f l This paper is devoted to three problems in theory of partial differential equations in n ℂ and differential equations in a complex plane.
At first, we consider the partial differential equation 
where , [1, 2, 4] of boundedness of the L -index in the direction for entire solutions of (2) . In particular, some inequalities must be satisfied outside discs of any radius. Replacing the universal quantifier by the existential, we relax the conditions. Also the ordinary differential equation
is considered. Shah, Fricke, Sheremeta, Kuzyk [6] [7] [8] did not investigate an index boundedness of the entire solution of (3) because the right hand side of (3) is a function of two variables. But now in view of entire function theory of bounded Lindex in direction, it is natural to pose and to consider the following question. 
1 ( ) ( ) = 0,
which is obtained from (2), if
There is a known result of Kuzyk and Sheremeta [5] about the growth of the entire function of the bounded l -index. Later Kuzyk, Sheremeta [6] and Bordulyak [9] investigated the boundedness of the l -index of entire solutions of equation (4) and its growth.
Meanwhile, many mathematicians such as Kinnunen, Heittokangas, Korhonen, Rättya, Cao, Chen, Yang, Hamani, Belaїdi [10] [11] [12] [13] [14] used the iterated orders to study the growth of solutions (4). Lin, Tu and Shi [15] proposed a more flexible scale to study the growth of solutions. They used [ , ] p q -order. But, the iterated orders and [ , ] p q -orders do not cover arbitrary growth (see example in [16] ). There is considered a more general approach to describe the relations between the growth of entire coefficients and entire solutions of (4). In view of results from [16] 
Auxiliary propositions and notations
and positive continuous function :
functions , L which satisfiy the condtion
For simplicity, we also use a notation 
Let us to write
Then for every 0 > r and for every m ∈ ℕ there exists 
and only if the following conditions hold: 1) for every
Boundedness of L-index in direction of entire solutions of some linear partial differential equations
Z is a zero set of the function . F The following theorem is valid.
Then an entire function F satisfying (2) has bounded L-index in the direction . b
Proof: Theorem C provides that * ( , ) < n r g +∞ and
Theorem B and inequality (5) imply that there exist
By equation (2), we evaluate the derivative in the direction : b
The obtained equality implies that for all \ n r z G ∈ ℂ :
Thus, there exists 
Obviously,
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Thus, if
then (6) holds. Hence, for these points
and (6) imply
where 
We choose arbitrary points 
Then, in view of (7), we have
Integrating over the variable s we deduce
Properties of entire solutions of some linear PDE's
by Cauchy's inequality in variable t we obtain ( )
Inequalities (9) and (10) imply that
Hence,
Therefore, by Theorem A, the function F has a bounded We require validity of (5) for some , r but nor for all positive . r Thus, Theorem 1 improves the corresponding theorem from [1, 4] . The proposition is new even in the one-dimensional case (see results for the bounded l -index in [6] and bounded index in [8] ).
4. Boundedness of l-index of entire solutions of the equation 
We need the following proposition of Bordulyak: entire function satisfying (4) has a bounded 1 l -index. These theorems are a refinement of results of M. Bordulyak, A. Kuzyk and M. Sheremeta [6, 9] . Unlike these authors, we define the specific function l such that entire solutions have a bounded l -index. But the function l depends of the function .
ϕ Below, we will construct functions ϕ and 2 l for the entire transcendental function f of infinite order. Given the above, it is easy to justify the existence of increasing to ∞ + sequence ) ( k r , for which: 1) 0 = r a; 2) a sequence ( ) 
